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§1. Introduction

The Maxwell-Schrodinger system (MS) in space dimension 3 describes the time evolu-
tion of a charged nonrelativistic quantum mechanical particle interacting with the (classi-
cal) electro-magnetic field it generates. We can state this system in usual vector notation

as follows:
10 = (—Aa + d)u, (1.1)
—A¢p — 0, div A = p, (1.2)
OA+ V(0,6 + div A) = J, (1.3)

where (u, ¢, A) : R"? — Cx Rx R* Vi =V —iA, Ay = V%, p = |ul?, J = 2ImaVju.
Physically, u is the wave function of the particle, (¢, A) is the electro-magnetic potential,
p is the charge density, and J is the current density. The system (MS) formally conserves
at least two quantities, namely the total charge 2 = ||ul|3 and the total energy

1 1
& = [ Vaull + 196 + 013 + 5 xot Al

The system (MS) is gauge invariant and we study it in the Coulomb gauge div A = 0, in
which we can treat the system most easily. In this gauge, (1.2) and (1.3) become

—Ap=p, OA+VO¢p=J (1.4)
The first equation of (1.4) is solved as

¢ = d(u) = (=A)""p = (dnfz|)~" « [ul*
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and the term V0,¢ in the second equation is dropped by operating the Helmholtz pro-
jection P =1 — Vdiv A~! to the both sides of the equation. Therefore in the Coulomb
gauge the system (MS) is rewritten as

10 = (—Ax + o(u))u, (1.5)
OA = PJ, (1.6)

which is referred to as (MS-C). To solve (MS-C) we should give the initial condition
(u(0), A(0), 8,A(0)) = (uo, Ao, A1) (1.7)
in a direct sum of Sobolev spaces
X*7 = {(ug, Ag, A1) € H* © H° ® H° *;div Ay = div A, = 0}.

Several authors study the Cauchy problem and the scattering theory for (MS-C).
Nakamitsu-M. Tsutsumi [11] showed the time local well-posedness for (MS-C) in X*7
with s = 0 = 3,4,5,.... In fact, they treated the case of Lorentz gauge, but the
Coulomb gauge case can be treated analogously. We remark that their condition can be
refined as s = ¢ > 5/2 by the use of fractional order Sobolev spaces and the commu-
tator estimate by Kato-Ponce [8]. Recently Nakamura-Wada [12] showed the time local
well-posedness for wider class of (s,0) including the case s = 0 > 5/3 (precisely see the
remark for Theorem 1). On the other hand, Guo-Nakamitsu-Strauss [6] constructed a
time global (weak) solution in X! although they did not show the uniqueness. Indeed,
in the Coulomb gauge the energy takes the form
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and hence ||(u, A, 9;A); X! does not blow up. Therefore the global existence is proved
by parabolic regularization and compactness method. For the scattering theory, the
existence of modified wave operators was proved by Y. Tsutsumi [15], Shimomura [13],
and Ginibre-Velo [4, 5]. However these results dose not mean the existence of global strong
solution since their solution to (MS-C) exist only for ¢ > 0 [13,15] or for t > T [4,5],
where T is a sufficiently large positive number.

As we summarize above, there are many results for the Cauchy problem both at t =0
or t = co. However there are no results concerning the global existence or blow up of
strong solutions even for small data. The aim of this talk is to answer this problem.
Shortly, we prove the global existence of unique strong solutions. To do this, we use a
priori estimates derived from the conservation laws of charge and energy, and hence it
is desirable to show the local well-posedness in lower regularity. The following theorem

does not cover the result for the energy class H*', but it is sufficient for our aim.



Theorem 1. Let s > 11/8, 0 > 1 and
max{s —2;(2s — 1)/4} <o < min{s + 1;3s/2;2s — 3/4}

with (s,0) # (2,3),(7/2,3/2). Then for any (ug, Ao, A1) € X7, there exists T > 0
such that (MS-C) with initial condition (1.7) has a unique solution (u,A) satisfying
(u, A, 0;A) € C(]0,T); X*7). Moreover if s > 11/8 and 0 > max{(s—1), (2s+1)/4} with
(s,0) # (5/2,3/2), then the map (ug, Ao, A1) — (u, A, 0A) is continuous as a map from
X7 to C([0,T7; X*7).

Remark. (1) T depends only on s, 0 and ||(ug, Ao, A1); X57|].

(2) For any s and o satisfying the assumption above for the unique existence of the
solution, the map (ug, Ao, A1) — (u, A, 9;A) is continuous in w*-sense. Namely if a se-
quence of initial data strongly converges in X*?, then corresponding sequence of solutions
also converges star-weakly in L>(0,7; X*7).

(3) In [12], we also assume s > 5/3 and 4/3 < o < (55 —2)/3 with (s,0) # (5/2,7/2).
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By relaxing the assumption for the local theory, we can show the global existence.

Theorem 2. The solution obtained in Theorem 1 exists time globally.



In this abstract we use the following notation: For a Banach space X we put LLX =
L(0,T; X). Similarly we use the abbreviation C7* X = C™([0, T]; X). Mz"" =}, CIHo—I

and its norm is defined as ||A; M7 || = maxo<j<m ||8fA; Ly H|.

§2. Preliminaries

In this section we summarize lemmas used in the proof of Theorems 1 and 2. The first
one is a covariant derivative estimate, whose proof is done by the use of the Gaglialdo-

Nirenberg inequality.
Lemma 1. Let A € H' N LS satisfy div A = 0. Then the following estimates hold for
any v € H*:
IVaw; HY| S (A HY D s B2, (2.1)
lo; B2 + (A HY D [0lla = [|Axvlls + (A5 H[))*[[o]l2- (2.2)
Next we introduce Strichartz type estimates for Klein-Gordon equations (see for ex-

ample [1-3, 14]).

Lemma 2. Let T >0, 0 € R and let (g;,7;), § = 0,1, satisfy 0 <2/¢; =1—-2/r; < 1.
Then a solution A to the equation (O + 1)A = F satisfies the estimate

ma [0f A; L Hy 742/ S [|(A(0), 0,A(0)); HT & HO V| + | F5 L H 720 (2.3)
Usual Strichartz estimates for Schrédinger equations does not match the equation (1.5)

since we cannot avoid the loss of derivative coming from 2iA - Vu. In the present work
we use a variation of Strichartz estimates introduced by Koch-Tzvetkov.

Lemma 3. Let T >0, a > 0 and s € R. Then a solution u to the equation
0w =—-Au+f, 0<t<T,
satisfies the estimate
lu; L3H ™| S lus LEH? || + T2\ f; LRH . (2.4)

This kind of estimates was first given by Koch-Tzvetkov [10] for the Benjamin-Ono
equation, and it is Kenig-Koenig [9] who formulated the estimate as above. Kato [7]
adapted this estimate for Schrodinger equations. However, in [7,9], they need an extra
assumption u € LF H*T to prove (2.4), with the first term in the right-hand side replaced
by [lu; LEFH** <.

Lemma 4. Let 0 > 0. Let 1 < p,p; < 00 and 1 < py < oo satisfy 1/p = 1/p1 + 1/ps.
Then the following estimate holds valid:

1Pt Vug); HY 'S [luas Hy, IV uz[p,- (2.5)



§3. Sketch of proof

In this section we shall sketch the proof of Theorem 2, from which we can also under-
stand the essence of the proof of Theorem 1. For simplicity, we restrict our attention
to the case s = 2, 0 < 0 — 1 < 1. In this section we fix a positive number ¢ so that
0<0<(oc—1)/2and put 1/g=1/2—-2§/3, 1/r =26/3. We begin with the following a

priori estimates.

Lemma 5. Let (u, A, 0;A) € CrX*? be a solution to (MS-C) obtained in Theorem 1.
Then the following estimates hold.

I(u, A, 0,A); LF (H' & H' & L) < C, (3.1)

14; LFL?|| < C(T), (3.2)

1A LELT|| < C(T)?, (3-3)

s LRHG ) < C(T)?, (3.4)

|4 M7 < C(T)°. (35)

The constants C' depend only on o and ||(ug, Ay, A1); H' & H' & L?|.

Proof. We easily obtain (3.1)-(3.2) by the conservation laws of charge and energy. We ob-
tain (3.3) by Lemma 2 together with (3.1)-(3.2). We obtain (3.4) by the use of Lemma 3,

for
lus L3 H ™|l < llus LEH| + TY?||20A - Vu + |APu + ¢u; L3 H |
S (D)l LEH ([ A5 LELT || + || A; L HY|? + ||u; LEH'|1%).
Finally we obtain (3.5) by Lemma 2:
0 . IJo o— . o— . 76/5r70-2/3
14 M|l S (1(Ao, Av); HO @ HOH| 4 | A LpHO |+ | PJ; Ly P Hy |
and the last term in the right-hand side is estimated by
o) [e%s) 1/2—6
(T)|u; L HY|()| A; L HY([)|Jus L3 H ™).
Thus we have obtained the lemma. [

We proceed to the estimate of solutions to the following linear Schrodinger equation,
namely in the following lemmas we regard A and u as known functions defined on 0 <
t<T:

0w = (—Aa+ o(u))v, 0<t<T, (3.6)
v(0) = wp. (3.7)

Lemma 6. Let A € M;" with divA =0 and letu € CH'. Letv € CrH? be a solution
to (3.6). Thenv € L%Hg’/%é and satisfies the estimate

-4 m o T m r oo oo
lvs L3 H || < (1™ (| A L E )™ (|| As LELT|| V [|os L H|?)|Jo; L H?||.



Here m s a positive number.

Proof. Applying Lemma 3 to (3.6), we obtain
lo; LEH 7|l < llos L H?|| + TY2(|26A - Vo + |A[Pv + go; LR H' . (3.8)

By the Leibniz rule we have ||A - Vo; H'72( < [|A; H72||[|Voll, + [|A|l[Vo; H72.
Applying the estimate ||Vvl|, < |lv; H?||*|v; Hg/Qf‘sHl_a, a=2§/(1—24), derived from
the Gagliardo-Nirenberg inequality, we obtain
TV A Vo LEH' || S T2 |lv; LRHG || + /T A; Lig HY|[V/*|v; L H|
+ T A LELT | [lo; L H?).
We choose € > 0 so small that the first term in the right-hand side is absorbed in the

left-hand side of (3.8). Another terms can be treated more easily. Thus we obtain the

lemma. O

Lemma 7. Let A € M7 with div A = 0 and let u € C°H'. Then there exists a unique
solution to (3.6)-(3.7) belonging to CrH? N CLL%. Moreover the solution v to (3.6)-(3.7)

satisfies the following estimates:
o LR 2| < Cllo: B2 4; L E' )
x exp{C(T) (|| A; My || V|| A; LELT (| V [|lu; LEHM™Y. (3.9)
Here | and m are positive numbers.

Proof. For simplicity we only prove the estimate (3.9). The conservation law |[v(t)|2 =
|vo]|2 immediately follows from the equation (3.6). Taking Lemma 1 into account, we

estimate
lo; HA Il = 18402 + (R)Y!]v]l2

instead of ||v; H?||, where R = ||A; L3 H'||. Taking the time derivative of Ayv and using
the equation (3.6), we find the equation for Ajv:

10,840 = (—Ay + @) Auv + 20, A - Vav + [Aa, dlv. (3.10)
Therefore standard energy method shows that
lv; LrHA|| < llvo; H3, || + [120:A - Vav + (A, glv; Ly L?|].
Similarly as in the proof of Lemma 6, we have

10, A - Vol < ellos HE70)|
{9 A; BT Y 4 04 HO AL s AL (3.10)



We can easily handle the term [Ay4, ¢lv by the Hardy-Littlewood-Sobolev inequality.
Therefore

lvs L HAN S llvo; H3, |l
T
" / {7V 0,A; HOT M 4 (1045 HOH AN + [lus 'Y} o; H3 |t
0

+T'Pellv; Ly Hy 7).

Taking Lemma 6 into account, we choose the positive number ¢ so small that the last
term in the right-hand side is absorbed in the left-hand side. Then we obtain an integral
inequality for ||v; HA||. Applying the Gronwall inequality we obtain (3.9). O

Proof of Theorem 2. The solution (u, A) to (MS-C) clearly satisfies the estimate (3.9)
with v = u, vy = ug. Therefore the global existence follows from Lemma 5. [J
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